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The wavelet analysis technique is a powerful tool and is widely used in broad disciplines of
engineering, technology, and sciences. In this work, we present a novel scheme of constructing
continuous wavelet functions, in which the wavelet functions are obtained by taking the first
derivative of smoothing functions with respect to the scale parameter. Due to this wavelet
constructing scheme, the inverse transforms are only one-dimensional integrations with respect
to the scale parameter, and hence the continuous wavelet transforms (CWTs) constructed in this
way are more ready to use than the usual scheme. We then apply the Gaussian-derived wavelet
constructed by our scheme to computations of the density power spectrum for dark matter, the
velocity power spectrum and the kinetic energy spectrum for baryonic fluid. These computations
exhibit the convenience and strength of the CWTs. The transforms are very easy to perform, and
we believe that the simplicity of our wavelet scheme will make CWTs very useful in practice.
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1. Introduction

It is well known that the Fourier transform has many
shortcomings, of which the most is that it cannot simulta-
neously provide information about the scale and position of
the signal [1]. To overcome the drawbacks of the Fourier
transform, the wavelet analysis technique was invented and
has proven a powerful tool, and is now widely used in areas
such as signal processing, image and data compactness
[2, 3]. The wavelet analysis has also been extensively
applied to astrophysics and cosmology for more than three
decades. The continuous wavelet transform (CWT) is
applied to, to name a few, the analysis of the large-scale
structures of the Universe [4-8], the detection of point
sources or patterns of astronomical objects [9-14], the
detection of the non-Gaussianity in the CMB maps [15-17],
the foreground or noise subtraction in the CMB maps or sky
surveys [18-20], the cosmological N-body simulation with
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high performances [21, 22]. Besides the CWT, the discrete
wavelet transform (DWT) is also used in studies of cos-
mological large-scale structures [23-26].

As mentioned above, there are two kinds of wavelet
transforms, namely, the CWT and the DWT. The CWT
provides an overcomplete representation of a signal by
varying continuously the scale and translation parameter of
the wavelets. With a and b as scale and translation parameter
respectively, the CWT of function f(x) is defined as

W (a. b) = ﬁfﬁ f(x)fp(x - b)dx, (M

a

where (x) is called the mother wavelet, and the over-bar
indicates the complex conjugate. ¢/(x) should meet the square-
integrable condition
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in which @(k) is the Fourier transform of ¢(x), and we use
Parseval’s theorem. The inverse transform of equation (1) is

o= (<52

a
(3)
with

< k)P
c,= [ RO (4)
’ fm Ik|

where C,, should satisfy the so-called admissibility condition
0 < Cy < oo, which suggests that 12)(0) =0.

The advantage of the CWTs is that they can provide
arbitrary localization in the scale and position due to their
continuity. On the contrary, the DWTs do not vary con-
tinuously in the scale and translation parameter, and for a
function f(x), its DWT usually takes the dyadic form as

= \/2;’ [ rwp@ix/L-pax, )

and f(x) can be expressed by the wavelet coefficients ;; from
the inverse transform as

fe) =72 > H@x/L— ). 6)
Jj=0l=—0c0
For a comprehensive understanding of the CWT and the
DWT, we refer the reader to [2, 3].

The advantage of the DWTs constructed in this way is
that they can provide a set of complete and orthonormal bases
Yj.1(x) = (2/L)"/*(2x /L — 1) for the wavelet expansion.

The disadvantage of the usual CWTs is that the inverse
transform is a two-dimensional integration as equation (3),
which may be computationally very complex and difficult;
while DWTs are awkward to use since both spatial translation
and scale dilation have to be dyadically adopted, that is, the
dilation or translation cannot be arbitrarily performed. As a
result, the expressions of the DWT power spectrum are
complicated and cumbersome [26-28].

In this work, we present a novel scheme of constructing
continuous wavelet functions, in which the wavelet functions
are obtained by taking the first derivative of smoothing
functions with respect to the scale parameter, and the inverse
transforms are only one-dimensional (1D) integrations, and
hence the CWTs constructed in this way are more ready to
use than the usual forms. The paper is organized as follows.
We outline the basic theoretical framework in section 2, and
give the fast algorithm of our wavelet transform in section 3.
We present some simple applications in cosmology of the
wavelet technique in section 4. In section 5, we give some
discussions of the results, and present the summary and
conclusions in section 6.

2. Basic theoretical framework

We describe the process of constructing the CWTs in the
following. As a comparison, the detailed derivation of the
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Figure 1. The upper panel is for the Gaussian and the wavelet
function; the lower panel is for their corresponding Fourier
transforms. We see that the Gaussian is a low-pass filter, while the
wavelet is a band-pass filter.

traditional CWT and the inverse transform are given explicitly
in appendix A.

Generally, a smoothing function s,,(x) with the scale
parameter w is an even function of x, i.e. s,,(x) = s,,(—x), and
should satisfy the normalization condition

+00
f sy () dx = 1. )

Instead of a general presentation, however, we proceed with
a concrete example, ie. the Gaussian function g (x) =
e /2 /(21 o), with o > 0. Letting 0 = /2 /w, we have

g,(x) = e (8)

w
24T
which satisfies the normalization condition equation (7) and is
surely a smoothing function. In the following, we call w the

scale parameter. When w — oo, g, (x) degenerates to Dirac ¢
function, i.e. g,,(x) — dp(x). The Fourier transform of g,,(x) is

8,(k) = e ©)

We see that g, (0) = 1, consistent with the normalization
condition equation (7). Additionally, the reason for choosing
wasw = \/5 / o is that w can one-to-one correspond to k, as
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can be seen from equation (9). In figure 1, we show the curves
of g,(x) and g, (k).

For a random field, such as the density contrast 8(x) of
the cosmological density, the smoothed field 0,(w, x) under
the scale parameter w can be obtained via the convolution
with the smoothing function g,,(x) as

+oo
Sy(w, x) = j: §u)g, (x — u)du. (10)

[ee]

When w — oo, then g,,(x) — dp(x), and hence 6,(w, x) — 6(x).
Taking the first derivative of both sides of equation (10) with
respect to w, we have

Ws(w, x) =

aég(w’ -x) _ eroo (S(M) 8gw(x B M) du

ow ow

+00
= f o) Y(w, x — u)du, (11)
in which we define ¥, as
ag ()C) 1 1,,2.2
U(w, x) = =277 =~ (2 — wi2)e W, 12
(W, X) W 4ﬁ( Je s (12)

which is the Gaussian-derived wavelet that we call, and is
nothing but the 1D Mexican hat wavelet function. The Fourier
transform of equation (12) is

A 2 e
Y(w, k) = %eﬂ- .
w

=~

9|

13)

We also plot W,(w, x) and \i/g(w, k) in figure 1, from which we
see that g, (k) is a low-pass filter, while \ifg(w, k) is a band-
pass filter. Note that g (k) and \f!g(w, k) are related by
98,,(k)

ow

which is consistent with the definition of W,(w, x) in
equation (12). Integrating equation (11) with respect to w, we
have

B,(w, k) = (14)

8e(w, X) = 640, x) + fo Wy (', x)dw, (15)
where 6,(0, x) is an integration constant. For cosmologically
interesting objects, however, such as the density contrast field
or the peculiar velocity field, the whole-cosmos averaged
quantities should be usually vanishing, i.e. 0,(0, x) =0, or at
least a constant that is independent of spatial positions, and
hence we can safely neglect this term in the future. Notice that
0(x) = d4(c0, x), we obtain

8(x) = fo W (v, x)dw, (16)
which is just the inverse transform of the wavelet transform
equation (11). Compared with the usual inverse wavelet
transform equation (3), we see that our inverse transform is
only 1D integration, which is much easier to manipulate than
equation (3).

lllustrisTNG100-1
1D density contrast
dark matter, z=0
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Figure 2. Upper panel: the 1D density contrast field of dark matter.
Lower panel: the corresponding wavelet scalogram of the 1D density
contrast field. The data is taken from the IllustrisTNG simulation.

3. Fast algorithm of wavelet transform

Due to the wavelet transform pair equations (11) and (16),
Ws(w, x) is equivalent to the original field §(x), and hence we
can use Ws(w, x) for further studies instead of 6(x). Given a
density contrast (or other) field 6(x), we can calculate its
wavelet transform directly using equation (11). However,
there exists a fast algorithm based on the technique of fast
Fourier transform (FFT). From equation (11), we use the
convolution theorem and obtain

Ws(w, k) = 6(k) Ty (w, k), (17)

where quantities with a hat are Fourier transforms of
corresponding quantities. ‘ilg(w, k) is given by equation (13),
S(k) can be obtained by FFT from 6(x), and hence Wy(w, x)
can be obtained by the inverse FFT from equation (17).

Taking the Fourier transform of both sides of
equation (16), we obtain
S(k)zf Wiw, k)dw. (18)
0
Notice that
SN
f G,(w, kydw = 1. (19)
0

Equation (18) can also be derived by integrating both sides of
equation (17) with respect to w.

We see that the Fourier transform pair equations (17) and
(18) are very simple and concise, and they compose the fast
algorithm of wavelet transform.

4. Applications in cosmology

We apply our Gaussian-derived wavelet to analyze the Illu-
strisSTNG simulation data [29-34], from which we select the
sample T11lustrisTNG100-1, whose simulation box is
75Mpc/h long. We use ‘cloud-in-cell’ scheme [35] to assign
all the particle (dark matter and baryonic) mass or velocity
into a 1024° mesh to acquire mass density or velocity at mesh
points. Then we randomly select 100 000 lines, all vertical to
the x—y plane of the simulation box, and record all the relevant
data at each line. In this way, we have 100000 1D data. In
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Figure 3. The Fourier and wavelet power spectrum of the 1D density
contrast field for dark matter. The left vertical axis is for the Fourier
power spectrum, and the right axis is for the wavelet power
spectrum. The data is taken from the IllustrisTNG simulation.

figure 2, we show the dark matter density contrast of one such
line data, together with its scalogram Wg(w, x).

With the data, we compute the wavelet power spectrum
of the density contrast field or peculiar velocity field. For one
line data, the wavelet power spectrum can be defined as

LS won ol 20)
iw, Xj) |,
N,Ly= !

1
06) = 77 [ WG, )P =

where i is the ID of the ith line, W(w, x) is the wavelet
transform of the line data, L, = 75 Mpc/h is the length of the
simulation box, and N, = 1024 is the point number of the line
data. Averaging over all the 100 000 lines, we obtain the total
power spectrum as

1M
Sow) = =3 Si(w),

2L
NiiT

in which ;= 100 000.

We use equation (21) to compute the 1D wavelet power
spectrum of the line data of dark matter density contrast, and
show the power spectrum Sy(w) in figure 3, together with the
1D Fourier power spectrum Py(k).

According to Parseval’s theorem, we have

1 ~
J s, 0P = [ ior. b Pak

== [B®PIGor, DRk, 22)
27

in which for the second equality we use equation (17).
Equation (22) can provide an alternative method to compute
the wavelet power spectrum in equation (20).

We can use equation (22) to derive an interesting rela-
tionship between the Fourier and wavelet power spectrum.
We assume the Fourier power spectrum Pg4(k) scales as a
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Figure 4. The Fourier and wavelet power spectrum of the 1D
velocity field for baryonic fluid. The left vertical axis is for the
Fourier power spectrum, and the right axis is for the wavelet power
spectrum. The wavelet energy spectrum is also shown for
comparison. The data is taken from the IllustrisTNG simulation.

power law of k, i.e. Pi(k) ~ |8(k)]? ~ k®, in which « is the
power index. If o > —5, then from equation (22) we have

Saow)~ [ s, )P

~ [ RoBy0w, K7k ~ Bw), 23)
1%
From figure 3, we see that with a proper amplitude, the

relationship by equation (23) is quite accurate when
k < 10h/Mpc.

With the wavelet transform W,(w, x) of the z-directional
1D velocity field for baryonic fluid, the wavelet power
spectrum of the velocity field S,(w), can be obtained in the
same way as Sq(w) of the density contrast field. We show
Sy(w) in figure 4, together with the Fourier power spectrum
P (k) of the 1D velocity.

Turbulent flows in the baryonic fluid of the Universe are
an important area in cosmological studies [36—43]. The
wavelet analysis technique is particularly suitable to investi-
gate turbulent flows [44]. In the scale (or Fourier) space, the
Kolmogorov theory assumes the existence of an energy cas-
cade between the different excited wavenumbers of the tur-
bulent flow, while in the physical (or real) space, turbulent
flows are characterized by complex multi-scale and chaotic
motions, which can be classified into more elementary com-
ponents, namely the coherent structures”.

To study turbulence in the baryonic fluid of the Universe,
which is distributed greatly inhomogeneously in space, the
kinetic energy spectrum of the fluid is more desirable than its
velocity spectrum. However, one cannot define the usual

® hitps: //en.wikipedia.org/wiki/Coherent_turbulent_structure.
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power spectrum for kinetic energy [45]. The reason can be
seen from below

< ()2 (x) = f p(x)v*(x)dx

=57 ) P+ k)PP (ko) dhidky

1
= — [ Buth k)dhidie, 4

where we do not have a power spectrum and we have
to define a mixed bispectrum as B, (k, k») = p*(k +
k2)V (k) V (ko) [46]. With the wavelet transform, however, we
can define a kinetic energy power spectrum for a 1D data
readily as below

6100 = 21 [A@IW0n 0P @3

in which A(x) = p,(x)/p, is the dimensionless baryonic
density. Averaging over the total 100000 lines by using
equation (21), we can obtain the wavelet kinetic energy power
spectrum Sg(w), which is also shown in figure 4. From
another viewpoint, one can consider Sg(w) as the density-
weighted velocity power spectrum. Moreover, due to the
localization property of the wavelet transform, Sg(w) can be
generalized to the spectrum with the space-restricted (e.g.
x; <x < Xx,) or the density-restricted (e.g. p; < p < p,) inte-
gration, which may be more suitable for investigations of
inhomogeneous turbulent flows.

5. Discussions

Our wavelet scheme is a general method, which can be used
to construct a large category of CWTs, but we emphasize that
equations (12) and (14) are not sufficient conditions to con-
struct a continuous wavelet. We show this with a counter-
example in the following. The top-hat function in real space
with the scale parameter w,

w 1 1
~ T g X g )
hy(x) =12 w w (26)

0, otherwise,

is a smoothing function, whose Fourier transform is
h,, (k) = (w/k)sin(k/w). According to our scheme, however,
its derivative with respect to w,

O, (w, k) = M = lsin (E) — lcos (E), 27
w

ow k w w

is NOT a continuous wavelet, since U,(w, k) is oscillatory
when k — oo, and hence does not satisfy the square-integrable
condition equation (2). The real space couterpart of

T T et — Wy(w = 1,0)
0.4 ]
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Figure 5. The functional form of the counter-example (upper panel),
and its Fourier transform (lower panel) in section 5, shown as blue
lines. The Gaussian-derived wavelet and its Fourier transform are
also shown for comparison (red lines).

equation (27) is

%Wﬁﬁﬁgft;i [( )+@@$”
11,1
+127 W w

0, otherwise. (28)

To facilitate understanding of this counter-example, we show
U,(w, x) and W,(w, k) in figure 5.

Generally, since the smoothing function s,,(x) is an even
function, its Fourier transform can be formally expressed as a
Taylor expansion as follows,

22) 2 K] 4
S (0)(5) i ((D(ﬁ) o (29)
21 \w 4w

from which we know §,,(0) = 1, consistent with the nor-
malization condition equation (7). From equation (29), we can
define a function ¥ (w, x) by its Fourier transform as

0Sw(k)  k 05,(k)

ow  w ok
It is easy to see that \i/s(w, k) satisfies the admissibility con-
dition of wavelet, i.e. Y(w, 0) = 0. If it also satisfies the

square-integrable condition equation (2), then W (w, x) should
be a continuous wavelet.

Su(k) = 1

T(w, k) = (30)
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Additionally, it is not difficult to generalize our scheme
to the three-dimensional (3D) case. For example, the 3D
anisotropic Gaussian function is

Wiwa w3 efi(wllez+wzzx22+w32x32)
873/2 ’

3
& @) =[] 8,0 = &1y
i=1

where w = (wy, wy, w3), X = (x1, X, x3). Hence the 3D ani-
sotropic Gaussian-derived wavelet can be obtained as

9’g, ()
8W1 8W2 8W3
3 g, (xi)

- l];[l 8W,‘

We see that the 3D anisotropic wavelet is not a 3D Mexican
hat wavelet. In the future, we will explore the possible
applications of this 3D wavelet in cosmology.

U (w, x) =

3
=[] %, x). (32)
i1

6. Summary and conclusions

The DWTs are constructed by dilation and translation both
dyadically in the scale and position. They can provide a set of
complete and orthonormal bases, based on which fast algo-
rithms can be designed, and hence DWTs are very suitable for
technical applications, such as data compactness, or image
processing. While in some areas, such as cosmological
investigations, the localization of continuous wavelets in both
scale and position is much more desirable than the ortho-
gonality of discrete wavelets. Nevertheless, the usual CWTs
are not convenient to use since the inverse wavelet transforms
are two-dimensional integrations, which may be computa-
tionally very cumbersome and time-consuming.

In this work, we present a novel scheme of constructing
continuous wavelet functions, in which the wavelet functions
are obtained by taking the first derivative of smoothing
functions with respect to the scale parameter. Due to this
wavelet constructing scheme, the inverse transforms are only
1D integrations with respect to the scale parameter, and hence
CWTs are more ready to use than the usual scheme.

We then apply the Gaussian-derived wavelet constructed
by our scheme to computations of the density power spectrum
for dark matter, the velocity power spectrum and the kinetic
energy spectrum for baryonic fluid. These computations
exhibit the convenience and strength of the CWTs. From the
transform pairs equations (11) and (16) in real space, and
equations (17) and (18) in Fourier space, we see that our
wavelet transform scheme is very simple, and we believe that
the simplicity of our scheme will make CWTs very useful in
cosmology.
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Appendix A. Derivation of the traditional CWT

Given a wavelet function (x), the traditional CWT of a
function f(x) is defined as the convolution of f(x) with a
scaled version of 1/(x). Or to put it another way, the traditional
CWT can be viewed as the projection of f(x) on the dilation
and translation of W(x) [47]. The traditional CWT is shown in
equation (1), and again as follows

WIj(a, b) = ﬁfc f(x)@(";—bmx. (A1)

With Parseval’s theorem for traditional CWT (see theorem
3.10 in [3] for its proof)
+o00
[ rwamar
— 0

dadb
a2

+00 +00 N
— j: [ WT;(a, b) WT,(a. b) , (A.2)

where Cy, is given in equation (4). Let g(x) be the Dirac delta
function, i.e. g(x) = dp(x — x’), and from equation (A.2) we
obtain

P G 1 x — b _dadb
o=t f [ Wi b T
(A.3)

which is the reconstruction formula or inverse transform of
the conventional method. Notice that, although both tradi-
tional CWT equation (A.1) and our CWT equation (11) are
the convolution of a general function with a wavelet function,
the traditional reconstruction formula equation (A.3) is far
more complex than our method equation (16).

It should be pointed out that the traditional CWT does
not tell us how to construct a specific wavelet function. In
fact, each existing continuous wavelet is constructed in some
unique way. For example, the well-known Mexican hat
wavelet is defined as the negative normalized second deri-
vative of the Gaussian function, i.e.

d? 1 2
Uyp(x) = C— | ———€ 22 |, A4
MH(X) i [ - 2 ] (A4)
where C is a normalization constant, such that

fjm [ (x)[2dx = 1. If the standard deviation o is set to /2,
then we have

1
_ - 0_
(27r)1/4\/§(

which is the same as our wavelet equation (12), except for
the prefactor. However, the original function cannot be

2

Unvn(x) = x2)e 7, (AS)
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reconstructed by integrating WT(a, b) with respect to the
scale parameter a directly. In order to better understand this
point, we perform the Fourier transform of equation (A.1) as

WTi(a, k) = f (k) —=Tym(ak),

T

where  Uyp(k) = 4(87/9)!/4k%e*.  Obviously, due to
f::o (a/+Jla])¥yu(ak)da = 0, we cannot recover the origi-

nal function f (k) with | *OZO WT; (a, k)da.

(A.6)

As another example, we describe briefly how to design
the Meyer wavelet (see [47] for details). The Meyer wavelet is
constructed by means of the multiresolution analysis in the
Fourier space, which is much more tedious than constructing
the Mexican hat wavelet. The procedure consists of two steps,
i.e. constructing the scaling function with the conjugate mir-
ror filter and then constructing the wavelet function with the
wavelet equation. The conjugate mirror filter /2 (k) used here is
given by

-

J2, k<=,
3
h(k) = {2 cos Eﬁ(ﬂ - 1) , I < k] < 2—71-
2 T 3 3
0. 27” <K <

(A7)

where ((7) is an auxiliary function such that Iﬁ(k) P+ |ﬁ(k +
7> = 2, which indicates the scaling functions are ortho-
normal under integer translations. The simplest case of ((f)
[48] is

0, x <0,
Bx)=1{x, 0<x<1, (A.8)
1, x> 1.

Cutting off the terms of p>1 in the scaling function
o(k) = H;fl h(2‘1’k)/\/§ and letting ¢ (k) =0 for |k| >
47/3, we have

1, W < 2,
3
3(k) = | sin(%), 27” << 47” (A.9)
0, K> 4T
3

which is the Meyer scaling function. Then substituting
equations (A.7) and (A.9) into the wavelet equation,

k) = 8(k/2)d(k/2) /2, where §(k) = e~k (k + ), we

obtain the Meyer wavelet function as below,

—cos(%)e‘ikﬂ, 27/3 < |k| < 4w/3,

Upy(k) = .
v (£) sin(%)elkﬂ, 4n/3 < |k| < 87/3,

0, otherwise,
(A.10)

which is a complex function and incompatible with our
scheme.

Unlike conventional continuous wavelet functions
designed in various ways, our scheme offers a uniform
approach to construct wavelets by differentiating a smoothing
function with respect to its scale parameter w. Because of this
wavelet-constructing method, the original signal can be
reconstructed easily by integrating the CWT W(w, x) with
respect to w, and hence, our method is much simpler than the
traditional method.

Appendix B. Comparison with wavelets derived from
different smoothing functions

In this work, we use the Gaussian function as the smoothing
function to derive the wavelet function, due to its simplicity
and wide applications. The Gaussian-derived wavelet is
localized in both real and Fourier space. In other words, both
Y(w, x) and \f/g(w, k) are approximately compactly sup-
ported, as shown in figure 1. Besides the Gaussian function,
we also consider other bell-shaped functions, such as the
Meyer scaling function [48] and the Epanechnikov function
[49], as the smoothing function. The expressions of Meyer
scaling function and Epanechnikov function are

1 1
(2— + —Z)W, X = 0,
my@)y =" 7 (B.1)

7 sin (wx/2) + wx cos (wx)

b I 0’
7T2X — W2X3
and
3w wx \? A A
—|1-1—] ] ——<x<—,

0, otherwise,

respectively, where the constant A is approximately equal to
3.342. We will explain the reason of such a choice below. The
Fourier transforms of equations (B.1) and (B.2) are given by

1, < =,
2
mw(k) = Sin(M), K < |k| g w, (B3)
w 2
0, otherwise,



Commun. Theor. Phys. 73 (2021) 095402

Y Wang and P He

0.4

T T
L= my(x),w=1 ]
0.3 :_ — lz),w=1 _:
= C ]
2 02F __
= - :
= 0.aF 1
< B ]
0.0F
_O'l:lllllllll||||||IIII:
—20 —10 0 10
xr
1-2 ||||||| L L
ro=— guk),w=1 .
| = k), w=1 i
0.8— Eu(k),w=1 _|
(<]
e
=
a
g
<T,
_0.4_| 1 1 | 1 1 1 | 1 1 1 | 1 1 |_

Figure B1. Three different smoothing functions and their corresponding wavelets. Upper left panel: Gaussian (red line), Meyer scaling (blue
line) and Epanechnikov (green line) function in real space. Upper right panel: the wavelet functions derived from these smoothing functions.
Lower left panel: Fourier transforms of the three smoothing functions. Lower right panel: Fourier transforms of the wavelets derived from the

corresponding smoothing functions.

and
1, k = 09
gn(k) = { —(BAk/w)cos(Ak/w) + 3sin(Ak/w) k=0
(Ak/w)? ’ )
(B.4)

The corresponding shapes of these smoothing functions in
real space are shown in the upper left panel of figure B1, and
the lower left panel is for their Fourier transforms.

Next, according to our scheme, we define the wavelets as
the first derivative of smoothing functions with respect to w.
Hence the Meyer-derived wavelet in real space is

e w
W ‘IIO(W» x)? X = i_9
w

where the form of Wy(w, x) is

cos (wx) — sin (%) sin (%) + cos (wx)

Yo(w, x) =
00 ) 2(wx + m)? 2(wx — m)?
2sin(wx) — cos (%) 2sin (wx) + cos (%)
4(wx — ) 4(wx + ) ' B6)
The Epanechnikov-derived wavelet function is
W, x) = 220
w
3 wx \? A A
—| 1 =3|— s T T < X g )
= 4A[ (A)] W W (B
0, otherwise.

The Fourier transforms of equations (B.5) and (B.7) are
given as
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k] cos (*12
il ) = *Z(W) % <l <w. (B8
0, otherwise,
and

0, o

W.(w, k) 3[(%)2 - 3] sin (%") + 9(%{() cos (%k)
- , k=0,

o(2)

(B.9)

respectively. It is easy to verify that both the Meyer- and the
Epanechnikov-derived wavelet satisfy the admissibility con-
dition and the square-integrable condition. Notice that the
scale parameter w from equations (B.1) to (B.9) is defined as
the frequency at which the first peak of ¥(w, k) is located
when k/w = =£1, i.e. the frequency at which U(w, k) takes the
maximum value when k&/w = %1, as shown in the lower right
panel in figure B1. That is the reason we choose A = 3.342 for
Epanechnikov-derived wavelet.

With these two wavelets, we can now compare their
properties with those of the Gaussian-derived wavelet. By
visual inspection of the upper right panel of figure B1, we find
that when x is farther away from the origin in real space, the
Meyer-derived wavelet is still oscillatory obviously while
other wavelets are already close to zero. On the other hand, as
shown in the lower right panel of figure B1, the Epanechni-
kov-derived wavelet is more extended in the Fourier space
than others. Hence, compared with the Gaussian-derived
wavelet, the Meyer- and the Epanechnikov-derived wavelet
are not well localized in both real and Fourier space simul-
taneously, which degrades their performance and applicability
in practice.

Appendix C. Comparing the power spectrum
computed with the traditional CWT

In order to fully demonstrate the strength and usefulness of
our scheme, we compute the 1D power spectrum for the same
data set of the dark matter density field at z=0, with the
traditional CWT and our CWT, respectively. Due to its
similarity to the Gaussian-derived wavelet, we use the Mex-
ican hat wavelet (shown in equation (A.5)) as the basis
function of the traditional wavelet transform for the compu-
tation. Here, the wavelet power spectrum averaged for
100 000 lines is defined as

t _ 1 2
Si(a) = — N 1{ fwzg(a b) db}

where N;= 100000, and the superscript ‘#’ denotes ‘tradi-
tional’ to distinguish from our CWT power spectrum. Letting
w=1/a, we put Sj(a) and Sg(w) together in figure C1, and
find that the magnitude of S}(w) is greater than that of Sy(w)
in the entire scale range.

(C.1)

1

—_
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w
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Figure C1. The relationship between our wavelet power spectrum
and the traditional CWT power spectrum. Upper panel: the
Gaussian-derived wavelet power spectrum Sg(w) (red line), and the
traditional wavelet power spectrum Sj(a = 1/w) (blue line). Lower
panel: the ratio of Sj(w) to LywSa(w).

We reveal the relationship between these two wavelet
power spectra in the following. Combining equations (A.1),
(A.5) and (C.1), and with w = 1/a, we obtain

Si(w) = 3J_Lle {fl(w b)db}
i=1

in which I(w, b) is defined as

(C2)

I(w, b) = / dxdx’6 () 6 (XYY [w(x — B)1Y[w(x’ — b)],
(C3)

where Uj(x) = (2 — x?)e*/4. Substituting equation (11)
into (21), we get

Sa(w) =

16;L ;}ZN’ {fz(w b)db} (C4)
b i=1

From equations (C.2) and (C.4), one can see that Sf(w) and
Sa(w) satisfy

Siw) _l6rm

LywSq(w) 327w

which is reproduced by our numerical result shown in the
lower panel of figure C1. Equation (C.5) indicates that our

~ 6.6843, (C5)




Commun. Theor. Phys. 73 (2021) 095402

Y Wang and P He

CWT and the traditional CWT are actually equivalent to each
other in applicability.
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